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Abstract:

In this paper, Lift of Tensor field, almost complex structures, F-structure and Para compact structures are
studied.

1. Lift of tensor fields:

Let \ be a n-dimensional differentiable manifold and T V) is its tangent bundle .The projection being

denoted by * :T(V) =V for a differentiable function ¥ in V. The function™ ¥ induced from ¥ in
T(V) is denoted by

(1.1) Y=ty

and is called the vertical lift of function ¥ . Any 1-form @ given in differentiable manifold V is, in
natural way, regarded as a function in T(V) , Which we be denoted bylw. If we are given a vector field X
in V/, then we define a vector field X" in T(V) py

(1.2) X" (10) =(a(X))’

@ peing an arbitraryl~ TO'M in v/, The vector Field X" thus defined is called the vertical lift of the
vector field X.

We define the vertical lift of (1.1) type 9% and @9% by (1.3) by

v \ Vo \Y%
(1.3 (dl//) _d(l//) and (Hdl//) =0 (dl/l) respectively ¥ and?being arbitrary function in V

and the vertical lift @’ of an arbitrary 1= fOrm @ iy v/ py
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(1.4) o =(,) ()

V)

_ a
o= o, dX

h
(X ) inV and

In each open set 4 ,where U is a co-ordinates neighborhood with local coordinates

@ is given by

1
in U . It is easily verified that the vertical lift ©" of 1= fOrM gefied by (1.4) in each * ) is a global

1— formjn tangent bundle. When there is given function ¥ in V, we put

H_, C _ H
(1.5) vo=v V7wln T(V),Where Vi (Vyl//) and all the functions ¥ defined in T (V) .

The horizontal lift of the function ¥ for a vector field X given in V. we define a vector field in tangent
bundle by

H H _yC H H H
(1.6) Xym =Xy (VVX)W v being an arbitrary function in V and call¥  the horizontal

lift of vector field X, where V' denotes the affine connection.

Given 1= form ¥ in v/ we define @ in T(V) by

H HY _
(1.7) @ (X )_OX being an arbitrary vector field in V, thel= fOrm "™ thys defined in T V) is
called the Horizontal lift

Hy H _ H
(1.8) FX™ =(FX) and F*X" =0 forany X €V We define Vertical lift S" and

Horizontal lift S™ in T(V) for a tensor field S of type (1.2) given in V as

19 SV(XC,YC)z(S(X,Y))Vand SH (XM YM)=(s(X,Y))"

X and Y being arbitrary vector fields in V.We shall now give local representation of the lifts. Let

h h
(U (X )) be a coordinate neighborhood of differential manifold V' , where (X ) is a system of local

h
coordinates defined in U. Let (y ) be the system of Cartesian coordinates in each tangent space TP(V)of
0

- A
V at P with respect to ox" , Where P is an arbitrary point in U, there is an open set 4 (U) of TU)
=1 h h
. . . X",
,where peU ,then in the open set 4 (U) of T(V) , we can introduce local coordinates ( y )
=1 h h
which are called coordinate inducedin (U) from (X ) Let there be a given function V/(X ) in U, then
v H
its vertical litt ¥ and its horizontal lift ¥’ represented as
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v o h H_, C_ h =1
(1.10) y —l//(X ) and ¥/ vV VVW(X )In 4 (U)With respect to induced coordinates
0

(Xh’ yh)Wherea - ox”

If a vector field X has components X "inU , then its vertical lift X" and its horizontal lift X" have

0
Vv
respectively component of the form (1.11) and
X X!
~T"x*
() (x",y") f w eU
In with respect to induced coordinates \* ' 7 /1f 1= TOrMy, has components ™« =~ = | hen its

vertical lifts @' and its horizontal lifts @" have respectively components of the form

o' (w,,0) o (The, o,). )

(1.12) and in with respect to induced coordinates

h h h
(X Y ).Ifatensor field F of type (1,1)has components Fa U , then its vertical lift FY andits

horizontal lift F" have respectively components of the form

= 0
S N P
(1.13) a and pra " Ta’p Ca

()

h h
in with respect to the induced coordinates ( y ).Thusthehorlzontalllft of the identity tensor

field of V is the identity tensor field in T(V) . on taking account of the definition of lift or their local
representation (1.10),(1.11),(.2) and(1.13), we get formulae

w1y (@) =0"w(00)" =0"" (yX) =y XY (yX)" =yt X
(vo) =y'o’ (yo)' =y'o" (y®o)' =y" @o"

For any function v , 0 any vector field X form w given in V

XVWV =O1 xH(//H =(xl//)V

(1.15)
X"y" = (Xp)" -y ([dw)(X)
X H l//H — 0
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Fr any function ¥ and any vector field X given in V;
(1.16) o' (X')=0.y" (X") = (@(X))"
o (X¥) = (o(X))" . 0" (X")=0
For any vector field X and any 1-form @ given in V,
(XY YH]=[X, Y] = (VY)Y =~(VeX)”

w17 [ XYM ]=r(rY)

X" YH]=[X.Y]" —R(X.Y)
For any vector field X and Y given in V, where V denotes the affine connections in V defined by
VY =V, X +[X,Y]
For any two vector field X and Y given in V
(1.18) F'XY =0;F" XY = (FX)"
F"(XH)=(FX)H,FHXH = (FX)"

For any vector field X and any tensor field F of type (1,1) given in V. Le there be given any two tensor
field F and K of type (1,1) in VV, then we get

(1.19) F™ (K") = (FK)"

Thus, if there are given a tensor field F of type (1, 1) and a polynomial () of a variable t, then we have
from (1.19)

(1.20) #(F))" = p(F)"
For example
(121) (F2+I)H :(FH)2+I

(FP+F)" =(F")* +F"
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Where | denotes the identity tensor field of type (1, 1) in the corresponding manifold V of T (V). Let there
be a given a tensor field of type (1, 1) in V, then Nijenhuis tensor N is defined by

(1.22) N(X,Y) =[FX,FY]+F?[X,Y]- F[FX,Y]-Fx FY]

X and Y being arbitrary vector field in V.

On taking horizontal lift of both sides and taking account 0f1.9),(1.170 and (1.18), we have
(123) NH(XH,YH) :[FHXH,FHYH]+(FH)2[XH ,YH]_FH[FHXH,YH]

"y H vH
The right hand side of (1,23) is nothing but the Nijenhuis tensor N(XT,YT) of the horizontal lift F"
of F, thus we have

(1.24) N" =N

Where N denotes the Nijenhuis tensor of F "

Let F be thetensor field of type (1,1) in V, then the vertical lift F' isof therank I and its horizontal lift
F" is of rank 2T iff F is of rank T .

Let there be a given projection tensor M € Vsuch thatm* =m , then there exist a distribution D in V
,which is determined by m. On taking account (1.21) we get,

(mH )2 —mH
which means M" is also projection tensor in T(V), thus there exist in T(V)a distribution D"

corresponding to mM" and which we call the horizontal lift of distribution D. The horizontal lift D"

by all vector field of type X" and X" , X being an arbitrary vector field belonging to the distribution D
because we have

(1.25) m" XY =(m X)V’mH X" =(mXx)"

The distribution D is integrated iff

For any vector field X and Y in V, where I=1-m, taking the horizontal lift of the both sides in(1.26),
we obtain
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" (m" X" m"Y")=0

Theorem 1.1: Let there be a given distribution D with projection tenor in V, the horizontal lift m" s
integrable in T(V) if and only if D is integrable in V.

Proof:  Let there be a given a differentiable transformation

pV -V
and denoted simply 2 T(V) >T(V),

The differential of transformation # VoV for a 1-form of @ €V , we define 1-form p@
(p) X = w(p(X))

X being an arbitrary vector field in V, if the differential of the transformation © V) =>TV) is
denoted by pH T(T(V))_)T(V))

Then we have the following formulae
(PX) = p= XY, (pX)" = p" X"
(pw)’ = p° 0’ ;(pw)" = p" 0"

For any vector field X and 1-form @ given in V for a tensor field F of type (1, 1) given in V, we define a
tensor field 2F by

(PF)* = (F(pX)
then we get
(pF)" = p°F" (pF)" = p"F"
The tensor field 2 is that induced from the given F by the transformation V=V

2. Almost Complex Structure:

Let there be a given field F of type (1, 1) in V. On taking account of (1.21) we have

(F*)Y +1=0
, (F)=-1
if and only of , thus we have
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Theorem2: The horizontal lift F" of a tensor field of type F of type (1, 1) given in differentiable
manifold V is an almost complex structure in T (V) if and only if so Fin V.

Proof: A tensor field of type (1, 1) is called f—structure of rank ', when F satisfies F°+F =0 or
F° =—F and the rank of is a constant everywhere, I' being necessarily even. On taking account of
(1.24), we have the theorem,

Theorem 2.2: An almost complex structure F in an almost complex space V, a transformation

p V>V
FH

preserves the structure F if and only if its differential function # TV)>TV) preserves

3. F-Structure:

Let there be given n dimensional differentiable manifold V of class C”™ on V and a tensor of type F of

type (1,1) of rank T <7 <N) gych that

(3.1) F®+F =0 then Fis called F-structure. If we put

(3.2) I=—F*m" =F*+1 {hen we have
l+m=1,1>=-10F =F*=F?=1

(3.3) m? =moF? +m=m;Im=ml =0

FI =IF,Fm—-mF =0

These equations shows that there exist two complementary distribution R ande? in V corresponding to
the projection tensor I and m respectively, when the rank I of Fin V, R is I -dimensional and Qn. is

(N =T) dimensional, wheredim.m=n

We have the following integrability conditions:

Q

(a)A necessary and sufficient condition for the distribution =™ to be integrble is

(3.4) N(mX,mY) =0

XY €

~0
For any > , where N denotes the Nijenhuis tensor of the F-structure.

(b)A necessary and sufficient condition for the distribution R to be integrable is
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For any vector field %Y €V

I:)1

If the distribution "1is integrable , then we have the relation F =1 , the F operators on V and almost

structure Fon each integral manifold of D suchas FX'=1X" X" being an arbitrary vector field tangent

Pl, thus rank I of F must be even. When the distribution P

I:)1

to the integral manifold of is integrable and

induced almost complex F is complex analytic on each integral manifold of "1. Hence we say that F-

structure is partially integrable.

(a) A necessary and sufficient condition for the distribution for F-structure to be partially integrable that
~0
(3.6) N(|X,|Y)=O for any X,YGJl.

Let us suppose that there exists, in each coordinates neighbourhoods of V, local coordinates with respect
to which F-structure has numerical components

0O -Im O
F:lIm 0 0
0 0 O

where IM denotes the unit MXM matrix and T = 2M s the rank of F. If this is the case, we call F-
structure F is integrable.

(b)A necessary and sufficient condition for F-structure to be integrable is that

For any vector field X and Y in V.

Let F be a tensor field of type (1,1) in V, then we have, on taking account of (1.21), that the equation

H\3 H _
F°+F=0 is equal to (F") +F _O,Where the rank of F is 2I' and T is the rank of F, thus we
have

Theorem 3.1: Let there be given a differentiable manifold, the horizontal lift F" ofan element  F of
T(V) is an F-structure iff soin Fin V, When F is of the rank I in V and F" is of rank 2r inT(V).

. . . H H
Proof: Let there be an F-structure of rank in V, then the horizontal lift ™ and M are two

H H
complementary projection in T(V),thusthere exists in T(V) two complementary distribution P and Qn
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H H

H
determined by | "and m" respectively .The distribution R and Qn are respectively lifts of R and

y -
Qn of R and Qn denoted by N and N the Nijenhuis tensor of F and Fr respectively, then by means of
(1.9),(2.18) and (1.24), the conditions (a),(b),(c) and (d)are equivalent to the following conditions:

(a)" NH (m" X" mHYH) =0
(b)’ m* NP (X YY) =0
©)' NH (P XH 1M YH) =0
(d)" NH (X", Y")=0

for any vector field X and Y in V, therefore we have,

Theorem 3.2: The Horizontal lift F" of an F-structure Fin V satisfies one of the integrabilty conditions
(@)’ , (b)', (C)'and (d)’ in T(V) iff the given F-structure F satisfies the corresponding integrability
condition in V.

4. Almost Para contact structure and F-structure: Let there be given n-dimensional differentiable

manifold V, a tensor field of type (1,1), a vector field ¢ and a co-vector field 7 satisfying
FP=1-£®n; F&=0 n(FX)=0 n($) =1

For any vector field X in v, then Mis necessarily odd and we call a structure defined by the set (F.¢.m)
of such tensor field F, Sand” an almost para-contact structure, on taking account of (4.1), we have
v=F*+F =0and that F of rank (" =1 everywhere in V. If there is given an almost para-contact
structure (F:$:77) in v o type (1, 2) is

(4.2) S(X,Y) = NX,Y)+(X(7(T) = Y(r(X)) —nlX, YI&

Forany X and Y in V, where N denotes the Nijenhuis tensor of J. The almost para-cotact structure
(F.&.m) isnormal if S =0 Theset is a framed F-structure F in V. If there is given an F-structure F of
rank (n-1) in an n-dimensional differentiable manifold V, then there exists an almost Para-contact
structure (F.¢.m) in V. when the framed F-structure (F.¢) is normal, the given almost Para-contact

structure (F.&.m) issaid to be normal. On taking account of (1.14),(1.16),(1.18) and (1.9), we have from
4.2)

(4.3) (F")?=1-(®p" +&"@n')=1-&"®" -&" ®@n'
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FY& =0;FHeM =07 (F X) =0
n" (F" X)=0;7"(&") =Ln" (&) =Ln" (£") =0
For any vector field X in T(V). Now, if we define tensor field of type (1,1)in T(V) by

(4.4 j:FH+§V®nV_§H®nH

~2 ~
Then we obtain J =—I asa direct consequence of (4, 3) ,therefore the tensor field J denoted by (4.) is

an almost complex structure in T(V). The almost complex structure Jis expressed locally by
_ —Fh —5h
I=1 h ha
o, + Fiyl“7 r,

h ,h
With respect to induced coordinates (X"-Y") | we have

Theorem4.1: The almost complex structure defined by (4.1) is complex analytic if the almost para-

contact structure (F+$+77) is normal in V.
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